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P. LI for all functions in H^ i, the Sobolev space of functions which has L 1 derivatives. The best constant Co such that (0.4) holds is known as the Sobolev constant.
One of the important geometric inequalities is the isoperimetric inequality It is known that [1] the Sobolev inequality is equivalent to the isoperimetric inequality, namely, (0. 6) 2C^Co^Ci.
Recently C. Croke [4] showed that C^ has a lower bound depending on: lower bound of the Ricci curvature, (m -1) K; upper bound of diameter, d\ lower bound of volume, V; and the dimension, m, of M. The purpose of this paper is to give estimates for the eigenvalues of Spec^ M from below in terms of Co and V. Hence combining with (0.6) and the result of Croke, one can estimate 'kp " from below in terms ofd, K, m, and V. It is interesting to point out that Cheeger [2] gave a lower bound of^o, i m terms of an isoperimetric constant h, which is different from C^. Yau [8] later showed that this isoperimetric inequality is equivalent to an I^-type Poincare inequality. In the same paper he also gave a lower bound ofh in terms of rf, V, K and m, which provided a lower bound of ^o, r For completeness sake, some known results concerning the Sobolev inequality will be proved. In particular, another version of the Sobolev inequality which is more suitable for our situation will be derived. We will also establish an elementary inequality between ^o, i and Co. Section 2 will be devoted to obtaining upper bounds for the multiplicities rip(k) of all eigenvalues ^ e Spec 1 ' M. In the process, we will derive estimates on the supremum norms of the eigen-p-forms. As a corollary, upper bounds for the Betti numbers can be obtained in terms of the lower bound of the curvature operator, volume, and the Sobolev constant C^ (see Lemma 1 for definition ofC^). In particular, when M is a manifold with constant curvature -1, bp has an upper bound depending on V alone provided m^4.
Finally, we will estimate from above the sumpremum norm of any differential forms which are linear combinations of the first n-th eigen-p-forms. This enables us to obtain lower bounds for ^ " in terms of V, d, lower bound of the curvature operator, and n.
Throughout this paper, all manifolds are assumed to be compact oriented C 00 Riemannian manifolds, and D (m) denotes a constant depending only on m. The results on functions can be generalized to non-oriented Riemannian manifolds by lifting to their two-folded coverings.
The author is greatly indebted to S. T. Yau for his interest in this work, without whose useful suggestions this paper would not be in the present form. 
Sobolev inequalities
For our purposes, we will derive a weaker version of the Sobolev inequality for manifolds with dimension greater than or equal to 3.
Proof. -Consider the function
The fact that (sgn/) l/l 2 /^-2^ implies that g satisfied JM
This means 
However, if and then implies
Hence combining with (1. 
Hence D^II/ll^-^^Vk
Applying Holder inequality we have
Together with (1.3) yields the Lemma. A lower bound of ^o, i can be obtained rather easily by substituting the first eigenfunction into the Sobolev inequality.
2^. Clearly
hence by Lemma 1:
where M'^ and M~ correspond to parts of M such that/takes positive and negative values, respectively. By regularity of 8M + and 8M~ [3] , and the fact that/^-2^2 |^=0 and l/^-^2 IBM-=0, we have r c
Hence (1.8) and (1.9) together yield
Holder inequality implies^i D^V 2^^.
The Proposition follows from the definition of C^.
In the case when m=2, Lemmas 1 and 2 are not valid, hence we need the following:
Proof. -Let g be defined by^)
=l./l./(.v). Remark. -Sobolev inequalities similar to those of Lemmas 2 and 4 can be derived for functions that do not necessarily satisfy /|^=0.
L°° estimate and multiplicities of ^ "
Let M^ be a compact oriented Riemannian manifold. By duality Spec^ M = Spec"" ~ p M, moreover if w is an eigen-p-form satisfying 
IMIJ=V|M|^.
When Kp<0 and X=0, Theorem 7 gives supremum norm estimates for harmonic p-forms.
Before we attempt to prove the Theorem, we will show the following Lemma: The Lemma follows by substituting this inequality into (2.5).
Proof of Theorem 7. -Define f=\w\. For k > 1 /2, Lemma 9 shows
On the other hand
Applying Lemma 2 to the function /\ (2.6) and-(2.7) yield Remark. -Similar estimates for eigen-p-forms on a compact manifold with boundary satisfying absolute or relative boundary conditions can be obtained. In which case, we utilize the Sobolev inequalities for non-compact support which was mentioned at the end of section 1. However this implies ^ a^w^eEo, which is a contradition. P / oc=i Now we choose orthonormal basis for E such that {w }^= i form an orthonormal basis for Eo and {w;}^+i an orthonormal basis for Eo. Then
•' 0(= 1 \ P / S Since ||i(;||j^V||w||^ for all weE, the Lemma follows. Proof. -This follows from Proposition 3, Theorem 7 and Corollary 11. Similarly, we obtain the following Corollaries. However, since C^ can be estimated from below in terms of Ricci curvature, volume, and upper bound of diameter (see [4] ), clearly the Corollary follows if one can estimate d from above by V. In fact, a Theorem of Gromov [6] 
Lower bounds for ^p "
In view of Theorem 11, if one takes E to be the vector space spanned by the set of eigen-pforms with eigenvalue ^ , ^ X-p ", then in order to get a lower bound for Xp " one needs a similar estimate as in Theorem 7, for any w e E. The main theme of this section is to deal with this question. Since in general we cannot conclude that fM^-^Aw^jMlf or weE, the proof of Theorem 7 will not carry through directly. To get around this difficulty we need the following Lemma: Differentiating F twice with respect to ^, we have
For q ^ 2, this is a positive function. Hence F is a concave function of 'kp which attains its maximum on the interval [0, ^-J at either 0 or ^n. Inductively, one replaces the maximum point (0 or X,J for each ^, 1 ^j^n, and we obtain We claim that for 1 ^f< oo, 
